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The nature o f  impurity resonances in 

electron energy bands is discussed for both simple- 

and transition-metal impurities in both simple- and 

transition-metal matrices. The effects of such reso- 

nances on the phonon-induced electron-electron in- 

teraction and on the dynamically screened Coulomb 

interaction is also discussed. It is concluded that 

transition-metal impurities in simple metals and 

vice versa will reduce the transition temperature 

if resonances occur, but that no corresponding effect 

occurs f o r  transition-metal impurities in transition 

metals. It is suggested that if anomalies do arise 

in the latter case, they are more likely to be 

;a J T 4 d P  attributable to virtual local moments. 
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I. INTRODUCTION 

1 There is an extensive body of experimental facts 

suggesting that certain impurities have influences upon the 

interactions responsible for superconductivity which cannot 

be encompassed within a theory based on the assumption of 
2 normal'' alloying behavior. It 

Alloys which behave "normallyt' are defined as those 

for which the simple band and phonon pictures remain valid 

when supplemented by nonresonant impurity scattering, as in 

the Anderson theory of dirty superconductors .3 

from normal alloying behavior can thus occur in two obvious 

Deviations 

ways: 1) Instead of a smooth variation of the band structure 

with concentration, impurity resonances can occur at low 

concentrations 495 which can merge into impurity bands at 

higher concentrations.. 2) Similarly, impurities can pro- 

duce resonant local modes in the phonon spectrum of the host 

material.778 The purpose of the present paper is to discuss 

the implications of the first of these two deviations from 

6 

normal alloying behavior for superconductivity. 

A more subtle deviation from normal alloying be- 

havior in superconductors arises from the series of impurities 

Cr through Co. These can cause either a) impurity resonances 

in the spin-density wave and spin-rotation wave spectrum of 

the conduction electrons or b) stable local moments. Because 

the present theoretical understanding of stable local mo- 

ments and of their influence on s~perconductivity~~ is 

relatively satisfactory, we have confined our attention to 
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* ’  ’ the impurity resonances a). We have found significant con- 

sequences of  spin-dependent impurity resonances f o r  super- 

conductivity. Time does not permit the reporting of our 

treatment of such resonances and their consequences here. 

We do, however, indicate the circumstances in which the spin- 

independent resonances cannot be important, whereas the 

spin-dependent resonances can. 

11. RESONANT IMPURITY LEVELS 

We are concerned here with impurity-induced 

changes in superconducting transition temperatures of impurity 

concentrations of less than -10%. We suppose that super- 

conductivity arises from interactions between pairs of Landau 

quasi-particles which consist of  a phonon-induced part and 

a dynamically-screened Coulomb part. Changes in the transi- 

tion temperature thus arise from changes in the corresponding 

two parts of the Kernel in the BCS integral equation. 

It is convenient to make a simple square-well 

approximation to the parts o f  the Kernel in the form intro- 

duced by Tolmachev14 and discussed by Garland 

The transition temperature T, is then given by 

2 
and others. 

* 
KC = KC/(l + KCb) 
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< = ln!/kB@ 

f o r  "normal" a l l o y s  and pure me ta l s .  I n  E q s .  ( l a - d ) ,  

t h e  c u t - o f f ,  expressed  a s  a tempera ture ,  o f  t h e  phonon- 

0 i s  

, and may be t aken  equa l  t o  t he  Debye KPh 
induced Kernel ,  

t empera ture  Q D. S i m i l a r l y ,  5 i s  t h e  cu t -o f f  i n  energy 

o f  t h e  Coulomb Kernel KC.  

We conf ine  d i scuss ion  t o  s imple  meta ls  and t r a n s i -  

t i o n  metals, which d e f i n e s  f o u r  groups of  a l l o y s :  '5 

simple,  2 )  s i m p l e - t r a n s i t i o n ,  3 )  t r a n s i t i o n - s i m p l e ,  and 

4 )  t r a n s i t i o n - t r a n s i t i o n .  Simple-simple a l l o y s ,  group 1, 

a r e  normal i n  behavior  and w i l l  no t  be cons idered  f u r t h e r .  

1) simple- 

A s  r e g a r d s  group 2 ,  a t r a n s i t i o n - m e t a l  impur i ty  can  

be expec ted  t o  in t roduce  f i v e  l o c a l i z e d  d - s t a t e s  w i t h i n  o r  

below t h e  conduct ion  band of a s imple  me ta l ,  p rovided  t h e  

d i f f e r e n c e  i n  a tomic p o t e n t i a l  i s  s u f f i c i e n t l y  g r e a t .  The 

s t a t e s  w i l l  be grouped i n t o  one 3 - fo ld  and one 2 - f o l d  degen- 

e r a t e  l e v e l  about  a c .  o f  g .  Ed, w i t h  a c r y s t a l - f i e l d  

s p l i t t i n g A k )  . Such a resonant  l e v e l  w i l l  remain narrow 

even w i t h i n  the  conduct ion  band because o f  t he  small pe r -  

cen tage  o f  d -cha rac t e r  o f  t he  conduct ion  band s t a t e s  nearby  

i n  energy .  The l o c a l i z e d  d - s t a t e s  may be regarded  as  de r ived  

from t h e  n e a r e s t  Bloch s t a t e s  o f  t h e  ma t r ix  which have t h e  

cor responding  symmetry. I n  an  A-subgroup matrix the  appro-  

p r i a t e  Bloch s t a t e s  a r e  t h u s  moved down towards t h e  Fermi 

l e v e l  t o  form l o c a l i z e d  s t a t e s .  I n  B-subgroup m a t r i c e s  t he  

r e v e r s e  i s  t r u e ,  t he  impur i ty  l e v e l s  having been s p l i t  o f f  
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t- ' t h e  t o p  of  t h e  occupied d-band. 

I f  t h e  impur i ty  l e v e l s  l i e  bo th  above o r  bo th  below 

t h e  Fermi l e v e l ,  t hey  have no s i g n i f i c a n t  e f f e c t  on Keff  and 

hence, from E q . ( 1 )  on T c .  

p l e  of  spec t roscop ic  s t a b i l i t y 1 6  and t h e  smal lness  o f  matrix 

This  fo l lows  both  from the  p r i n c i -  

e lements  between t h e  impur i ty  s t a t e s  and the  conduct ion-  

band s t a t e s .  On t h e  o t h e r  hand, i f  t h e  impur i ty  l e v e l s  

s t r a d d l e  t h e  Fermi l e v e l ,  t he  p r i n c i p l e  of spec t roscop ic  

s t a b i l i t y  does no t  apply,  and a l s o  t h e  p e r t i n e n t  ma t r ix  e l e -  

ments, t h o s e  connec t ing  the  two l e v e l s  of  t h e  same impur i ty ,  

a r e  s i g n i f i c a n t l y  l a r g e r .  One could  t h u s  expec t  a s i g n i f i c a n t  

i n f l u e n c e  of  i m p u r i t i e s  on supe rconduc t iv i ty  i f  t h e  c r y s t a l -  

f i e l d  s p l i t t i n g  i s  l e s s  than,  say ,  0.5 e V .  I n  a s  much as 

c r y s t a l -  o r  l i gand-  f i e l d  s p l i t t i n g s  i n  i o n i c  environments 

a r e  of  o r d e r  1 e V , 1 7  i t  i s  r easonab le  t o  suppose the c r y s t a l -  

f i e l d  s p l i t t i n g  t o  be reduced t o  n e a r l y  an  o r d e r  of  magnitude 

l e s s  by sc reen ing  e f f e c t s  and t h e  absence o f  covalency 

e f f e c t s  i n  a s imple meta l .  

The impur i ty  l e v e l s  change Tc through t h e i r  e f f e c t  

on t h e  magnitudes of  K 

through t h e  c u t - o f f s  5 
KC a r e  a f f e c t e d  by the  resonant  l e v e l s  p r i m a r i l y  through 

t h e i r  c o n t r i b u t i o n  t o  the  dynamic d i e l e c t r i c  f u n c t i o n ,  which 

and KC i n  Eq.(l); 

and Q i s  n e g l i g i b l e .  

t h e i r  i n f l u e n c e  

Both Kph and 
Ph 

s c r e e n s  t h e  e l ec t ron - ion -co re  i n t e r a c t i o n  i n  K and t h e  
Ph 

Coulomb i n t e r a c t i o n  i n  Kc. The change i n  %h is, very 

roughly ,  f o r  a concen t r a t ion  Cd o f  i m p u r i t i e s ,  



where we have absorbed t h e  u n i n t e r e s t i n g  f a c t o r s  i n t o  t he  con- 

s t a n t  C and X i s  t h e  impur i ty  c o n c e n t r a t i o n .  When h k,O, a s  

i s  l i k e l y ,  AKph i s  

a l s o  very  roughly ,  

AKC = Cd 

u 

t h u s  r e p u l s i v e .  The change i n  Kc i s ,  

( 3 )  

I n  E q .  (3) the  c o n s t a n t  

and AE i s  an a p p r o p r i a t e  d i f f e r e n c e  o f  no rma l - s t a t e  q u a s i -  

p a r t i c l e  e n e r g i e s .  A s  could have been expec ted ,  t h e  change 

o f  t he  Coulomb i n t e r a c t i o n  i s  a t t r a c t i v e  and o f  the  Bardeen- 

P ines  type18 because i t  a r i s e s  from the v i r t u a l  e x i t a t i o n  o f  

t he  impur i ty  atom by one e l e c t r o n  and subsequent  d e e x c i t a t i o n  

by a second e l e c t r o n  i n  exac t  analogy w i t h  the v i r t u a l  ex- 

change o f  phonons. For t y p i c a l  simple-metal  superconductors  

i s  n e a r l y  t h e  same as  c i n  ( 2 ) ,  

* 
i s  o f  o r d e r  t h r e e  t imes g r e a t e r  t han  KC i n  magnitude. 

KPh 
Analys is  o f  t h e  i n f l u e n c e  of a square-wel l  r e p r e s e n t a t i o n  o f  

AKC on Tc s u g g e s t s  t h e r e f o r e  t h a t  AK i s  n e a r l y  an  o r d e r  of  

magnitude more impor tan t  than AKC. 

of C sugges t  i n  t u r n  t h a t  a 5% a d d i t i o n  o f  impur i ty  cou ld  

r educe  Tc by n e a r l y  a f a c t o r  of 2 ,  i . e . ,  ATc/TclJ -0.3 t o  

-0.7 f o r  C d c  0.05 a n d 6 I J ~ c 0 . 2  e V .  

s o r t  should  be g r e a t l y  reduced i n  importance when impur i ty  

band format ion  s e t s  i n  t o  the p o i n t  where band wid ths  

Ph 
Rough numerical  e s t i m a t e s  

However, e f f e c t s  o f  t h i s  
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r' ' become comparable t o  t h e  c r y s t a l - f i e l d  s p l i t t i n g .  From what 

one knows of d-band widths  i n  t r a n s i t i o n  me ta l s ,  one would 

guess  t h i s  t o  occur  a t  c o n c e n t r a t i o n s  somewhat below 10%. 19 

Turning now to group 3,  s imple  meta l  i m p u r i t i e s  

w i l l  have a tendency to s p l i t  off r e s o n a n t  l o c a l i z e d  d-states 

from the  d-band of  a t r a n s i t i o n  metal  a g a i n  provided t h e  

d i f f e r e n c e  i n  atomic p o t e n t i a l  i s  s u f f i c i e n t l y  g r e a t .  These 

w i l l  be above the  d-band f o r  A-subgroup i m p u r i t i e s  and below 

the  d-band f o r  B-subgroup i m p u r i t i e s .  Because the  d e n s i t y  

of  s t a t e s  w i t h i n  t h e  d-band i s  r e l a t i v e l y  h igh  and because 

these  l e v e l s  a r e  i n  gene ra l  w e l l  away from the Fermi l e v e l ,  

t h e y  have no impor tan t  d i r e c t  i n f l u e n c e  on t h e  d i e l e c t r i c  

f u n c t i o n  and hence T c .  

though s imple ,  and r e q u i r e s  a f a i r l y  d e t a i l e d  theo ry  o f  

impur i ty  l e v e l  format ion  for i t s  unde r s t and ing .  

The i n f l u e n c e  t h e y  do have i s  s u b t l e  

We have developed such  a t h e o r y  by g e n e r a l i z i n g  

t h e  t r e a t m e n t s  by Koster  and S l a t e r  4 and by Clogston5 of  

t h e  l o c a l i z e d  impur i ty  p o t e n t i a l  to a r b i t r a r y  band s t r u c t u r e .  

There r e s u l t s  f o r  t h e  pe r tu rbed  d e n s i t y  of  s t a t e s  

where No(E) i s  t h e  unper turbed  d e n s i t y  of s t a t e s ,  V i s  the  

impur i ty  p o t e n t i a l ,  and Ro i s  t h e  unper turbed  r e s o l v e n t  
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* Matrix elements  a r e  taken  i n  t h e  c r y s t a l  coord ina te  r e p r e -  

s e n t a t i o n , 2 0  1 cr> r e f e r r i n g  t o  t h e  Wannier f u n c t i o n  of  

symmetry type p l u s  o r d i n a l  index 

u n i t  c e l l .  

c e n t e r e d  about  t h e  kth 

A s tudy  o f  E q . ( 4 )  r e v e a l s  t h a t  changes i n  t h e  d e n s i t y  o f  s t a t e s  

a r e  c l o s e l y  r e l a t e d  t o  those f e a t u r e s  of  No(E)  which a r i s e  

from t h e  c r i t i c a l  po in t  s t r u c t u r e  of t h e  energy bands.  We 

have c o n s t r u c t e d  a s imple model of  a d-subband w i t h  a minimal 

s e t  of c r i t i c a l  points2’  superposed upon a n e a r l y - f r e e - e l e c t r o n  

band and have used  t h i s  model a s  a b a s i s  f o r  d e t a i l e d  numer ica l  

c a l c u l a t i o n s  of  N ( E )  - N ~ ( E )  f o r  va r ious  c a s e s .  

We f i n d  t h a t  a s imple-metal  impur i ty  can g ive  r i s e  

t o  very  narrow impur i ty  resonances wi th in  t h e  n e a r l y - f r e e -  

e l e c t r o n  band and o u t s i d e  the  d-band for s u f f i c i e n t l y  l a r g e  

These narrow resonances  a r e  (F l/3 t h e  subband w i d t h ) .  vov 
accompanied by an t i r e sonances  i n  t h e  v i c i n i t y  of  maxima i n  

t h e  d-bands which ex tend  over about  h a l f  a subband. Thus, 

when t h e  d e n s i t y  o f  s t a t e s  a t  t h e  Fermi l e v e l  i s  r e l a t i v e l y  

l a r g e ,  i t  can be reduced s i g n i f i c a n t l y  by t h e  a n t i r e s o n a n c e s .  

T h i s  r e d u c t i o n  of t h e  dens i ty  o f  s t a t e s  man i fe s t s  i t s e l f  i n  

t u r n  by a r e d u c t i o n  o f  Keff  and hence of  Tc .  

numer ica l  e s t i m a t e s  suggest  t h a t  r e d u c t i o n s  o f  t h e  t r a n s i t i o n  

tempera ture  a r e  r e l a t i v e l y  smal l  f o r  5% of s imple meta l  added 

t o  a t r a n s i t i o n  meta l ,  i . e . ,  A T ~ / T ~ N - O . O ~  t o  -0.1. 

t h u s  no t  c l e a r  t h a t  we have e l u c i d a t e d  a l l  of t h e  ope ran t  

Very rough 

It i s  

f a c t o r s  f o r  t r a n s i t i o n - s i m p l e  a l l o y s .  
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The above theo ry  o f  impur i ty  l e v e l s  con ta ined  i n  

E q . ( 4 )  i s  u s e f u l  a l s o  f o r  our  d i s c u s s i o n  o f  group 4 ,  t r a n s i -  

t ion-meta l  i m p u r i t i e s  i n  t r a n s i t i o n - m e t a l  ma t r i ces .  It i s  

commonly supposed t h a t  very s h a r p  impur i ty  resonances  can 

occur  i n  such  s i t u a t i o n s ,  a s  appea r s  t o  be demanded by a 

v a r i e t y  of  exper imenta l  r e s u l t s .  E x p l i c i t  numer ica l  c a l -  

c u l a t i o n s  based on t h e  model mentioned above show t h a t  

impur i ty  resonances  indeed  occur  c l o s e  t o ,  bu t  o u t s i d e  o f ,  

peaks i n  t h e  d e n s i t y  of  s t a t e s  ( i . e . ,  t hey  a re  a s s o c i a t e d  

w i t h  s add le  p o i n t s  i n  t he  energy s u r f a c e s ) ,  bu t  t ha t  t h e i r  

w id ths  a r e  o f  t h e  same o rde r  as  t h e  subband widths .  I f  

exper imenta l  r e s u l t s  appear  t o  i n d i c a t e  t he  e x i s t e n c e  o f  

narrow resonances  nea r  t he  Fermi energy ,  i t  seems u n l i k e l y  

t o  u s  t h a t  t h e  i n d i c a t e d  resonances  occur  i n  the  band s t r u c -  

t u r e .  It seems much more l i k e l y  t h a t  they occur  i n  t h e  s p i n -  

d e n s i t y  wave and s p i n - r o t a t i o n  wave s p e c t r a ,  where we have 

been ab le  t o  show t h a t  narrow, o r  sha rp ,  low-energy r e s o -  

nances a re  p o s s i b l e  which a r e  e s s e n t i a l l y  equ iva len t  t o  

v i r t u a l  l o c a l  moments. 

Although t h e  l e v e l  s t r u c t u r e  of  a t r a n s i t i o n - t r a n s i -  

t i o n  meta l  a l l o y  can t h u s  be more complex than  would be i n -  

d i c a t e d  by a band p i c t u r e ,  t h e  k ind  of  sp in- independent  l e v e l  

s t r u c t u r e  which would probably a r i s e  would probably  a l s o  

lead  t o  v a r i a t i o n s  i n  Tc i n d i s t i n g u i s h a b l e  from those  expec ted  

from normal a l l o y i n g  behavior .  Any observed d e v i a t i o n s  from 

new i n t e r a c t i o n s  invo lv ing  v i r t u a l  e x c i t a t i o n s  of  t he  s p i n -  

independent  resonances ,  p a r t i c u l a r l y  i f  t h e  elements  Cr-Co 



a r e  t h e  i m p u r i t i e s  i n  mat r ices  i n  which they  do no t  form 

l o c a l  moments. Exchange plays an important  r o l e  i n  t h e s e  

i n t e r a c t i o n s  s o  t h a t  i n  t h i s  sense  they  resemble i n t e r a c t i o n s  

proposed e a r l i e r  by Matthias .  22 

The conclus ions  reached i n  t h i s  paper  appear  

q u a l i t a t i v e l y  c o n s i s t e n t  with t h e  publ i shed  exper imenta l  

d a t a ,  a s  p re sen ted  and d i scussed ,  f o r  example, by Mat th ias ,  

Gebal le ,  and Compton i n  r e f .  1. It i s ,  however, impossible  

t o  draw q u a n t i t a t i v e  conclus ions  about  i n d i v i d u a l  a l l o y  

systems from our  theo ry  i n  t h e  absence of  d e t a i l e d  e x p e r i -  

mental  in format ion  on t h e  impur i ty  s t a t e s  themselves .  
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